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Abstract

In this paper, we proposed a trigonometrically-fitted fifth order four-step predictor-corrector
method based on the four-step Adams-Bashforth method as predictor and five-step Adams-
Moulton method as corrector to solve linear ordinary differential equations with oscillatory so-
lutions. This method is constructed which exactly integrate initial value problems whose solu-
tions can be expressed as linear combinations of the set functions {sin(vz), cos(va)} with v €
R, where v represents an approximation of the frequency of the problem. The frequency will
be used in the method to raise the accuracy of the solution. Stability of the proposed method is
examined and the corresponding region of stability is depicted. The new fifth algebraic order
trigonometrically-fitted predictor-corrector method is applied to solve the initial value problems
whose solutions involved trigonometric functions. Numerical results presented proved that the
prospective method is more efficient than the widely used methods for the numerical solution
of linear ordinary differential equations with oscillating solutions.

Keywords: trigonometrically-fitted; fifth order four-step Predictor-Corrector method; Adams-
Bashforth-Moulton method; LODEs; oscillatory solutions.
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1 Introduction

Equation in the form:

y/l(x) = f(ac,y), (1)

is used as mathematical models for problems in celestial mechanics, physical chemistry, chemical
physics, quantum mechanics, material sciences and many more fields. The above equation which
is usually linear, have oscillatory or periodic solutions and deserves special attention (see [6, 8]).
The focus of the numerical solution of the above equation is the subject of extensive research ac-
tivity over the last two decades (see [14, 7, 22, 20, 19, 21, 3, 13, 17]). Extensive reviews of the
methods developed for the solution of (1) with oscillating behavior can be found in [19, 21] and
the references therein, Ibrahim and Ikhile [7], as well as [1, 13, 17].

To obtain a more accurate numerical results for problem (1), researchers have derived meth-
ods which take into account the nature of the problems to be solved. To do so they used fitting
techniques such as phase-fitting, exponential and trigonometric fitting to enhance the efficiency of
the original method. By doing so more accurate numerical results for highly oscillatory problems
can be obtained. The exponential and trigonometric fitting methodology first proposed by Lyche
[12] is one of the best techniques for designing efficient methods for solving linear first order ini-
tial value problems (IVPs) with periodic solutions. Shokri and et al. [20] developed a new family
of multiderivative methods with vanishing phase-lag for the numerical integration of IVPs with
oscillating solutions. More recently, [3] introduced phase-fitting for finite difference process for
solving IVPs arising in chemistry. Trigonometric fitting technique have also been applied to other
types of predictor-corrector (P-C) methods, such as the work in (see [11]), where they developed
a general class of trigonometrically-fitted two-step hybrid (TFTSH) method for solving second
order IVPs. The original non-trigonometric form of the method was introduced in [2].

In this work, the fifth order Adams P-C method is trigonometrically-fitted and used to solve
second order linear ordinary differential equations (LODEs) with oscillatory solutions, by reduc-
ing the problems to a system of first order IVPs. This paper has been structured as follows: the
derivation of the trigonometric fitting method is given in Section 2. Section 3 is focused on the
stability of the new scheme. The numerical illustrations are given in Section 4, followed by con-
cluding remarks in Section 5.

2 Trigonometrically-fitted fifth algebraic order (P-C) method

The P-C family of methods below has been widely used in obtaining numerical solutions of
first order ODEs see [18]. The methods can be written as,

k—1
§77,+1 =Yn+ hz bivlfn )
=0
k PR
Ynt1 =Yn +h Z BiV' frt1- (2)
=0

In (2) the corrector is always one order higher than the predictor and the total algebraic order
of the system is determined by the corrector’s order. In the general case (2), after expressing the
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backward differences in terms of f,,_;. The following fifth algebraic order four-step scheme can
be obtained,

Unt1 = Yn +h (aofn +a1fn1+azfn2+azfn3),
Yn+1 = Yn + h(Cofn+1 + len + Can—l + C3fn—2 + C4fn—3)7 (3>

where, in terms of f,,_;,a;, i = 0,1,2,3, are known coefficients of Adams-Bashforth and the coef-
ficients ¢;, i = 0,1, 2, 3,4, correspond to the Adams-Moulton coefficients for (2) above.

In order to ensure the accuracy of the method (3) for any linear combination of functions:
{1,227, cos (+vz), sin(+vz)}, (4)

the following system of equations must remain in place:

cos (w) = 1 — cpapw? — coa1w? cos (w)
—2¢gazw?cos (w)?
+epasw? — degaswcos (w)3
+3cazw? cos (w)
+cow sin (w)
—cqw sin (w)
+2¢3w sin (w) cos (w)
+4cqwsin (w)cos (w)?, (5)

sin (w) = w(4cos (w)? sin (w)waszco
+2 cos (w) sin (w)wagco + 4cos (w)’ ey
+ sin (w)wa ¢ + sin (w)wascy

+2c0s (w)’es + cos (w)ea — 3cos (w)eg + o + ¢1 — c3), (6)

where w = vh, it is noted here that in the above system of equations (5) and (6) are derived from
the requirement that method (3) be accurate for any linear combination of functions, {cos (vz), sin(+vz)}.

The known coefficients of Adams-Bashforth in terms of f,_;.

55 59 37 9 251 646 264 )
G =_,01=—7,0=-,03=—7,C = 5=, Cl = 57, C2= —— = -
0= 9 ™ 24 "% T 9y ™8 24> 0 7200 M 7207 2 720
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Substituting the coefficients into (5) and (6) and solving for ¢3 and ¢4 we have,

1 9287 | 2
———— | =——=sin (w)
sin (w)w \ 2160

287
cos (w)’w? — 26i08m (w)?
251 )

11
ﬂosm (w)?cos (w)*w? — i sin (w) cos (w)w+
251

sin (w)?w? + 180°° (w)2w?—

cos (w)’w?—

14809 . 2

1asUd 2
1320 sin (w)

cos (w)w*—

299
=2 sin (w)cos (w)?w +

60
251 6 o 9287

130 (W) w” +

1255 5, 299
cos (w -—

o976 240
4cos (w)* — 4sin (w)?cos (w)” + sin (w)® — 4cos (w)*+

3 cos (w) — 3cos (w)?), (8)

sin (W)w — —— cos (w)w?+

1 251
cy = @) (Ziosin (w)?cos (w)’w?
9287sm (@)? n 9287
4320 4320
4267 . , 1757 5 5
T (w)? cos (w)w 1320°% (W) w
4769 s 5 251

299
5640°% (w) w4+ %cos( w)w? + ﬁosm (w) cos (w)w—
251

1
960 2sin (w)” cos (w) — 30 sin (w)w + 2cos (w)*—

2 2

cos (w)“w 42

cos (w) w”—

240

2c0s (w)? — cos (w) + 1). (9)

To avoid heavy cancellation in the implementation, the following expansions of the Taylor series
should be used,

53 | 251 , 556649 o 1518367 b 18400003 4

=360 T 320°  518400° T 1354560°  200304000"
1449609563 1, 705712460059 ., (10)
172440576000 941525544960000
19 251 , 127439 , 6161 = 192829
C4p = —o— — —-w' + w w =
720~ 480° T 5184007 ~ 194400 41472000
19496737 4 14517700489 1, (1)
86220288000 941525544960000
The local truncation error of the above method is given by,
LT.E=h® (0 34868y %) — 0.031692y) + 0.36667w> (4>) +O(h7), (12)

where y( ) is the fourth derivative of y at z,, yr(f) is the fifth derivative of y at x,, and yff') is the
sixth derivative of y at z,,. We note here that in order to produce Eq. (12) we express the quantities

Ynt+1> Yn—1:Yn—2, Yn—3 and fni1, fr—1, fn—2, fn—s around the point z,, and then we substitute the
expressions into Eq. (3).

Since w = vh, it can be seen that the trigonometric fitted method becomes the original P—C method
for the corresponding algebraic order and step number when v = 0.
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3 Stability analysis

55 _ 59 _ 37 __09 _ 251
Applymg sc};efjine (3) with the coefficients ag = 537, a1 = —53, a2 = 51, a3 = —57, 0 = =55,
o1 = 38, co = — 258, to the scale test equation,

Y =y, (13)
and taking H = Ah, the following difference equation is obtained,

Yni1 — AH) Y + B (H) yn—1 + C (H) yp—2+ D (H) yp—3 = 0, (14)
where,
AH)=1+ %H + %HQ (15)
14809 11
() = ~ 1o " + 35T (16)
C(H)= %HQ — Hes, (17)
D(H) = —129%101{2 — Hey. (18)

The characteristic equation of (14) shall be given by,
rt— A(H)r* + B(H)r*+C(H)r+ D (H)=0. (19)

Solving the above equation in H using the boundary locus technique [9] and substituting » =
exp(if), where i = y/—1, we can plot the absolute stability regions for 0 < § < 2x. Fig. 1 shows the
region of absolute stability for the original case and Fig. 2 shows the regions of absolute stability
for the trigonometric fitted case.

As we can see in Fig. 2 the larger the frequency v, the larger is the absolute stability region. As
a matter of fact, it appears that our trigonometric fitted scheme has enormous gains in absolute
stability. Such very large regions of absolute stability place our scheme in a highly advantageous
position and could therefore be used to solve a much wider range of problems effectively. In
contrast to other comparable methods with much smaller stability regions. Among other things, it
remains to be investigated, for example, until how large v, the region of absolute stability continues
to grow.

Figure 1: The Absolute Stability Region.
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Figure 2: The Stability Region with Trigonometric-fitted.

4 Numerical results

748

In this section, the new method is applied to the numerical solution of three problems. The first
is the inhomogeneous equation studied by [15]. The second is a high-frequency Inhomogeneous
system studied by [10] and the third is a high-frequency Inhomogeneous problem studied by [5].
The problems are first reduced to a system of first order ODEs. The test problems are listed below

and the integration interval is [0, 1000].

Problem 1: [15]
y" = =100y + 99 sin(t), y(0) =1, 3’ (0) = 11,
the exact solution is

y =cos (10 t) +sin (10 ¢) 4+ sin (¢) ,v = 10.

Problem 2: [10]

y1" =13y + 12y +9 cos (2¢) — 12 sin(2t),y1 (0) =1, y1' (0) = —4,
Yo" =12y — 13 ya — 12 cos (2t) + 9 sin(2 ¢), y2 (0) =0, y2' (0) =8,

the exact solution is

y1 =sin (t) —sin(b t) + cos (21)
y2 =sin(t) +sin(5¢) +sin(2¢),v = 5.

Problem 3: [5]

y1” = —400 y; 4+ 400 e %951 10,0025 7295t 4, (0) = 1.1, ¥} (0) = —0.05,
y2" = —400 o + 400 %% " +0.0025 e~ *, g5 (0) = 1.0, y5 (0) = 1.95,

the exact solution is

y1 = 0.1 cos (20¢) + o005t
Yo = 0.1 sin (20 t) + e %%t v = 20.
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In all our numerical illustrations, the following methods are compared and the following no-
tations are used,

e TF4SPC - The new trigonometrically fitted fifth order four-step predictor-corrector method.

e 4SPC - The original fifth order P-C method specified by (3) that is the method without
trigonometric-fitting.

e TE3SPC - Fourth order trigonometrically fitted three-step predictor-corrector method in [16].

e EmbDP4(5) - Fifth order embedded Runge-Kutta Dormand-Prince 5(4) method in [4].

Table 1: Comparison between the proposed method and the other current methods for Problem 1.

STEP SIZE(H) METHOD MAX ERRORS
0.0025 TF4SPC 2.3073e-04
4SPC 3.7807¢-03
TF3SPC 3.0605e-03
EmbDP4(5)  3.3496e-02
0.00125 TF4SPC 5.7653¢-05
4SPC 3.8160e-04
TF3SPC 8.9456-03
EmbDP4(5)  9.6163e-02
0.001 TF4SPC 3.6917¢-06
4SPC 4.9834e-05
TF3SPC 5.2224e-04
EmbDP4(5)  4.2904e-03
0.0005 TF4SPC 9.2288¢-07
4SPC 4.9834e-06
TF3SPC 2.4643e-05
EmbDP4(5)  1.0872¢-04
0.00025 TF4SPC 2.2721e-08
4SPC 4.9834e-07
TF3SPC 9.7376e-06
EmbDP4(5)  1.7494e-05
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Table 2: Comparison between the proposed method and the other current methods for Problem 2.

STEP SIZE(H) METHOD MAX ERRORS
0.025 TF4SPC 2.2285e-05
4SPC 3.7653e-04
TF3SPC 3.0605e-03
EmbDP4(5)  3.3496e-02
0.0125 TF4SPC 5.9309¢-06
4SPC 4.8701e-05
TF3SPC 8.9456e-04
EmbDP4(5)  9.6163e-03
0.01 TF4SPC 3.7987e-06
4SPC 6.1242¢-05
TF3SPC 5.2224e-04
EmbDP4(5)  4.2904e-03
0.005 TF4SPC 9.4943¢-07
4SPC 4.7416e-06
TF3SPC 2.4643e-05
EmbDP4(5)  1.0872¢-04
0.0025 TF4SPC 2.3766e-08
4SPC 2.3042¢-07
TF3SPC 9.7376e-06
EmbDP4(5)  1.7494e-05

Table 3: Comparison between the proposed method and the other current methods for Problem 3.

STEP SIZE(H) METHOD MAX ERRORS
0.01 TF4SPC 3.2770e-04
4SPC 1.7022e-03
TF3SPC 6.0999¢-03
EmbDP4(5)  3.0549e-02
0.005 TF4SPC 2.3160e-06
4SPC 4.9552¢-05
TF3SPC 1.5990e-04
EmbDP4(5)  1.5406e-03
0.025 TF4SPC 1.2495e-07
4SPC 4.9966e-06
TF3SPC 1.3512e-05
EmbDP4(5)  2.3893e-04
0.0125 TF4SPC 3.2643¢-08
4SPC 3.7242¢-07
TF3SPC 8.2423e-06
EmbDP4(5)  1.4894e-05
0.001 TF4SPC 2.0908e-09
4SPC 3.0002¢-08
TF3SPC 1.3284e-07
EmbDP4(5)  2.3824e-06

We expect that the number of function evaluations for TF4SPC and 4SPC are the same because
they are four-step methods, TF3SPC will have a lower number of function evaluations since it is a
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three-step method. Our main focus here is the accuracy of the methods, so we do not tabulate the
number of function evaluations in tables 1-3.

5 Conclusions

From tables 1-3, we observed that the accuracy for the new proposed method is higher by
one order for all the problems and for all the step size chosen compared to the original non-fitted
method. The new proposed scheme has accuracy higher by order two compared to the TF3SPC
method, though the TF3SPC is also a fitted method but it is of algebraic order four. The new
scheme is more accurate compared to the EmbDP4(5) though the EmbDP4(5) method is of the
same algebraic order (order five) as the original 4SPC and the new TF4SPC methods.

Considering the interval of integration is very large, that is [0,1000], we can conclude that
trigonometric-fitting the 4-step predictor corrector method do improved the accuracy of the solu-
tion and hence the method is suitable for solving oscillatory problems.

Acknowledgement We are very grateful to anonymous reviewers for their comments and con-
structive suggestions that facilitated us in improving this article.

Conflicts of Interest The authors declare that no conflict of interests occurs.

References

[1] S. Ahmad, F. Ismail & N. Senu (2016). A two-step trigonometrically fitted semi-implicit
hybrid method for solving special second order oscillatory differential equation. Malaysian
Journal of Mathematical Sciences, 10, 145-158.

[2] ]J. R. Cash & Y. Psihoyios (1995). Advanced steppoint methods for initial value problems.
Proceedings of the Third International Colloquium on Numerical Analysis, pp. 43-50. https://doi.
org/10.1515/9783112314098-006.

[3] X. Chen & T. Simos (2020). A phase fitted finitediffr process for diffrntequtns in chem-
istry.  Journal of Mathematical Chemistry, 58(6), 1059-1090.  https://doi.org/10.1007/
s10910-020-01104-7.

[4] J.R. Dormand & P.J. Prince (1980). A family of embedded Runge-Kutta formulae. Journal of
Computational and Applied Mathematics, 6(1), 19-26. https://doi.org/10.1016,/0771-050X(80)
90013-3.

[5] J. Franco (2006). A class of explicit two-step hybrid methods for second-order IVPs. Journal
of Computational and Applied Mathematics, 187(1), 41-57. https://doi.org/10.1016/j.cam.2005.
03.035.

[6] K. Gottfried (2018). Quantum Mechanics: Fundamentals. CRC Press, Florida, United States.

[7] O.M. Ibrahim & M. N. Ikhile (2020). A generalized family of symmetric multistep methods
with minimal phase-lag for initial value problems in ordinary differential equations. Mediter-
ranean Journal of Mathematics, 17, Article ID 87. https://doi.org/10.1007/s00009-020-01507-5.

747


https://doi.org/10.1515/9783112314098-006
https://doi.org/10.1515/9783112314098-006
https://doi.org/10.1007/s10910-020-01104-7
https://doi.org/10.1007/s10910-020-01104-7
https://doi.org/10.1016/0771-050X(80)90013-3
https://doi.org/10.1016/0771-050X(80)90013-3
https://doi.org/10.1016/j.cam.2005.03.035
https://doi.org/10.1016/j.cam.2005.03.035
https://doi.org/10.1007/s00009-020-01507-5

M. M. Salih et al. Malaysian ]. Math. Sci. 16(4): 739-748 (2022) 739 - 748

[8] J. P.Killingbeck (2018). Microcomputer quantum mechanics. CRC Press, Florida, United States.

[9] J.D.Lambert (1991). Numerical methods for ordinary differential systems: The initial value problem.
John Wiley & Sons, Inc., New Jersey, United States.

[10] J. D. Lambert & I. A. Watson (1976). Symmetric multistip methods for periodic initial value
problems. IMA Journal of Applied Mathematics, 18(2), 189-202. https://doi.org/10.1093/
imamat/18.2.189.

[11] J.Li, X. Wang, S. Deng & B. Wang (2018). Symmetric trigonometrically-fitted two-step hybrid
methods for oscillatory problems. Journal of Computational and Applied Mathematics, 344, 115—
131. https://doi.org/10.1016/j.cam.2018.05.038.

[12] T. Lyche (1972). Chebyshevian multistep methods for ordinary differential equations. Nu-
merische Mathematik, 19(1), 65-75. https://doi.org/10.1007/BF01395931.

[13] Y.-Y. Ma, C.-L. Lin & T. Simos (2020). An integrated in phase FD procedure for diffeqns
in chemical problems. Journal of Mathematical Chemistry, 58, 6-28. https://doi.org/10.1007/
$10910-019-01070-9.

[14] U. Mohammed, R. B. Adeniyi, M. Semenov, M. Jiva & A. Ma’ali (2018). A family of hybrid
linear multi-step methods type for special third order ordinary differential equations. Journal
of the Nigerian Mathematical Society, 37(1), 1-22.

[15] D. Papadopoulos, Z. A. Anastassi & T. Simos (2009). A phase-fitted Runge-Kutta-Nystrom
method for the numerical solution of initial value problems with oscillating solutions. Com-
puter Physics Communications, 180(10), 1839-1846. https://doi.org/10.1016/j.cpc.2009.05.014.

[16] G. Psihoyios & T. Simos (2005). A fourth algebraic order trigonometrically fitted predictor—
corrector scheme for IVPs with oscillating solutions. Journal of Computational and Applied
Mathematics, 175(1), 137-147. https://doi.org/10.1016/j.cam.2004.06.014.

[17] F. Rabiei, F. Ismail & N. Senu (2014). Exponentially-fitted runge-kutta nystrom method of
order three for solving oscillatory problems. Malaysian Journal of Mathematical Sciences, 8,
17-24.

[18] L. FE. Shampine (1975). Computer solution of ordinary differential equations: The Initial Value
Problem. W. H. Freeman, New York, United States.

[19] L. F. Shampine (2020). Numerical solution of ordinary differential equations. Routledge, Taylor
and Francis, New York, United States.

[20] A. Shokri, M. M. Khalsaraei, M. Tahmourasi & R. Garcia-Rubio (2019). A new fam-
ily of three-stage two-step P-stable multiderivative methods with vanished phase-lag and
some of its derivatives for the numerical solution of radial Schrédinger equation and IVPs
with oscillating solutions. Numerical Algorithms, 80(2), 557-593. https://doi.org/10.1007/
$11075-018-0497-z.

[21] Z. Wang & T. Simos (2017). An economical eighth-order method for the approximation of
the solution of the schrodinger equation. Journal of Mathematical Chemistry, 55(3), 717-733.
https://doi.org/10.1007/s10910-016-0718-4.

[22] J. Zhao, R. Zhan & A. Ostermann (2016). Stability analysis of explicit exponential integrators
for delay differential equations. Applied Numerical Mathematics, 109, 96-108. https://doi.org/
10.1016/j.apnum.2016.07.001.

748


https://doi.org/10.1093/imamat/18.2.189
https://doi.org/10.1093/imamat/18.2.189
https://doi.org/10.1016/j.cam.2018.05.038
https://doi.org/10.1007/BF01395931
https://doi.org/10.1007/s10910-019-01070-9
https://doi.org/10.1007/s10910-019-01070-9
https://doi.org/10.1016/j.cpc.2009.05.014
https://doi.org/10.1016/j.cam.2004.06.014
https://doi.org/10.1007/s11075-018-0497-z
https://doi.org/10.1007/s11075-018-0497-z
https://doi.org/10.1007/s10910-016-0718-4
https://doi.org/10.1016/j.apnum.2016.07.001
https://doi.org/10.1016/j.apnum.2016.07.001

	Introduction
	Trigonometrically-fitted fifth algebraic order (P-C) method
	Stability analysis
	Numerical results
	Conclusions

